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Since the pioneering work of A. Ashkin [1] it has been common to express the radiation
forces on small particles as the sum of two [I], 2] and sometimes as the sum of three terms [3 4],
i.e. the gradient, scattering and absorption force [3] (The last two terms combined are often
referred to simply as the ”scattering term”):

F = %w (r) + %IUR k+ %Iaﬁbsf{ = Fyradiont + Feca + Fabs (1)

sca

with the RAYLEIGH scattering and absorption cross-sections o2, = k*|a|? /67 and o}, = kT (),
respectively. The extinction cross-section is the sum of both, ey = Gaps+ 0sca- For the gradient
term, originally used for real-valued polarizabilities a only, some articles use R («) while others
use |a|. Incorrect expressions can be found on wikipedia http://en.wikipedia.org/wiki/

Optical_tweezers| and in the classic reference book of A. Ashkin [5, p. 100, 458], see Fig. .
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Figure 1: Ashkin’s book:[5] Often cited formulas for radiation pressure on spherical particles in a liquid. The
gradient force reads (1/2)na|VE|? instead of (1/4)egn?R (o) |[VE|?. Note the correct expression is also found
as an attached reprint of Ashkins paper [I] on page 543.

This short note will give a brief review of the current state of affairs, showing that the above
commonly used expression is incomplete. Instead, the time-averaged force is [6, [7, 8, [10] 1T,
12, 13] given by Eq. (2)), in principle already given by A. Ashkin in 1983 [].

(F) = %ﬁ“)w (r) + nk3 (o) @ + %iv x (i (r) x B (r)) (2)
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with the radiation-back-reaction corrected polarisability o = acy/ [1 — ik3acm /67, wave vec-
tor k = nko = n27 /A, ¢ the vacuum speed of light and the zero-frequency CLAUSIUS-MOSSOTTI
relation [I4, p. 206] for the polarisability acy = 47R® [n2 —n?| / [n2 + 2n%]. The prefactor
nk3J (o) may be approximated by noll, (acm) (see comment after Eq. (7). The intensity is
related to the electric field amplitude (peak) via I = cegn|E[?/2. The POYNTING vector is
E x H, and its time-average (S) = R (E x H*) /2 = |E|2ceonk/2 = 'k for a plane wave.

The first term is the gradient force. The second term in the above expression includes
both the scattering and the absorption contribution, while the third unnamed term relates to
a polarisation gradient or the time-averaged spin density of a transverse electromagnetic field
(Ls) = (eon?/4wi) (E x E*). The last term is zero for linearly polarised light [6].

At least three analytical approaches are able provide the radiation pressure on small particles:

1 Body force density

The instantaneous Lorenzian force density in an isotropic medium reads [14], Sec. 2.6 and 2.29]:

n?>—108S
2 E (3)

f = fiar. + fabraham = pE +JxB+

Arthur Ashkin and James P. Gordon found [I] a light force of (F) = (1/2) R (&;a*E* - O,E).
20 years later, the same expression was rediscovered by Patrick C. Chaumet, starting from the
body force expression Eq. and correctly carrying out the time-averaging [I5] (details on
the derivation also in Ref. [I3]). He finally arrives (with E denoting the incident field, and
p = caE, e = ¢n?, [14, p. 206]) at Eq. (4):

(F) = % <Z B,V <Ej>*> (4)

J

n2€0 V|]3|2 ~ -1 * 1 ~ . *
77/260 2 ~ C€p * 1 *

The following identities were used [6]: R (zw) = R (2) R (w) — T (2) T (w), T (iz) = R(z),
> E;V(E) =(E-V)E*+Ex(VXE*), 2R ((E-V)E*) = V(E-E*)-2R (E x (V x E*)),
217 ((E-V)E*) = V x (E* x E) (the last one only valid for V - E = 0, i.e. the external field.
Typo in [6]) and V x E = —9,B = iwpH, p = pg = 1/€pc? and w = cky. This is the correct
expression Eq. (2)). Asnoted in the beginning, it includes both the pressure and gradient forces.

A further interpretation, especially of the last term as a polarisation gradient force, has been
given in Ref. [0]. See also the Review article Ref. [16] and Ref. [9} 1T, 12} &].

The polarisability a should be corrected by the dipoles self-field. The reason is that the
dipole p must be finite of extent. Therefore the retarded potentials can be evaluated and
expanded at small distances up to order (r/c)?, i.e. for distances r << A [I7]. In SI units, this
radiation reaction self-field is

ik*p acm , N5 —n’
= , a= : , ooy =4TRP 2 — 7
® " 6me 1 —ik3acy /6T oM n2 + 2n? (7)

Where the last expression is the radiation corrected polarizability, first introduced by Draine
in 1988, see also the comment by P.C. Chaumet [I8] (the sign in the denominator depends on
the time-dependence chosen!).



Expanding the radiation back-reaction corrected polarizability o & acy + ik%|acn|? /67 one
finds k7 (o) — kT (acym) + kY acml?/6m = o (acm) + 0Z, (acm) = o, (aem)-

Alexander Rohrbach and Ernst H. K. Stelzer attempted to derive in Ref. [I9] three constitut-
ing terms of the radiation pressure (extinction / absorption, scattering and gradient) through
the body force which included the Abraham force term [25 23] [14, Sec. 2.29]. The tried to
establish the result (which may be expressed in terms of intensity via I = ceyn|E!|?/2, with E!
being the complex amplitude of the incidence electric field)

(F) = % / / /V VI(r) dV + %IO [Oext (Ki) — Oca(ks)] (8)

However, the expression is invalid. In their first derivation attempt the scattering forces are
derived from the Abraham force term, which however is zero for optical frequencies as it averages
out. A series of comments in the Journal ” Applied Physics” followed:

e P. C. Chaumet: Comment on "Trapping force, force constant, and potential depths for
dielectric spheres in the presence of spherical aberrations” [1§]

e A. Rohrbach et al.: Reply to comment on ”Trapping force, force constant, and potential
depths for dielectric spheres in the presence of spherical aberrations” [21]

The last published reply by A. Rohrbach and colleagues concludes that his expressions remain
correct (providing an alternative derivation), and A. Rohrbach continues to use this result with
the new derivation in Ref. [22]. However, the final derivation is again based on flawed reasoning.
Starting from an expression for the body force derived from Eq. he writes (using a variant
of the Gauss theorem)

(F) = %sﬁ (///V aeV|E|2dV) = %m (//W aeV|E|? &, dA) (9)

He then continues to set the field to be the sum of the incident and the scatting field, E =
E! + E*. If anything, it should be the internal field ESP within the spherical volume. The
scattered field exists only outside the scatterer. Those two fields are connected at the boundary
via the electromagnetic continuity relations, i.e. the continuity of the tangential components
only &, -EP = & - [Ei + ES} and €, -E%P = &, - [Ei + ES} (similar expressions for the magnetic
field H). However, it is instead the external field in the dipole (RAYLEIGH) approximation
which should be considered here, see the work of P.C. Chaumet et al. [I5]. Using the wrong
field, he nonetheless arrives at an expression which resembles the momentum-balance. However,
instead of two he finds three constituents, including (cos (6))0sa and (cos (6))0ext. As shown
by G. Gouesbet and coworkers (see section , the averages must be done accordingly and lead
to the notion of asymmetry parameters. For these, however, the integration area must be at
infinite distance instead of at the surface of the particle, as the above derivation suggests. The
additional gradient term is also incorrect here as it is already included in the extinction and
scattering terms.

2 (Pseudo-) Momentum Balance

Since light carries a momentum, any interaction of a beam with an arbitrary sized particle will
lead to a propagation direction reconfiguration and thereby in accord with the conservation of
the total linear momentum to a force exerted on the particle. This matter is far from trivial
as testified by a century-old ABRAHAM-MINKOWSKI controversy. However, it may now be
regarded as solved [25], 26] and the problem was due to a common neglect or ill-accounting for
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the dielectric materials stress-tensor (see also §16 in the Book of Landau and Lifschitz [23],
Section 2.6 in the book of Stratton [I4]). The distribution of stresses and momenta among
the electromagnetic field and the medium is largely arbitrary and both methods are equivalent
once the correct material counterparts are included in any specific computation. However, the
MINKOWSKI tensor may usually be used without this complication, as the materials part is
then typically negligible.

Thus, the MINKOWSKI momentum density for light pyy = -D x B = %S, and not the
ABRAHAM momentum density py = SeouoE x H = iS should be used for force computations
on particles. It is the canonical part of the momentum of light which is responsible for the
caused motion of dielectric particles in a medium and thereby the origin of the force exerted
on the particle [26], 25 24]. The force then reads [30]:

(F) — ———9% (Tlggo / / ) , (10)

with ¢ being the speed of light in vacuum and n the refractive index of the embedding medium.
The momentum flux of the incidence beam is zero.

In 1985, Gérard Gouesbet developed the generalised LORENZ-MIE theory (GLMT) [2§]. In a
later article, they gave the correct expressions for the radiation pressure in an arbitrary beam.
He expresses ([27), p. 1435, (133)]) the force via radiation pressure cross-sections:

Opr = CF /Iy = (705) st — (€OF) Oca, (11)

With Iy, = |E|?\/¢/u/2 = ceon|E|?/2 usually set to 1 in the GLMT theory. These two terms
include all aspects of the radiation force, i.e. embody scattering, absorption and gradient force
components all at the same time. Explicitly, the force is evaluated via:

. 1 sin @ cos ¢
_ _/ 5% (B x HY) | sindsing | dA, (12)
Ar cos

with the axial pressure cross-sections for instance being:
2
1 , , ,
(CO8) Oexs = / / 3R (ELH; + E3Hy — EyH3 — E3HY) cos () sin (0) r°dfde  (13)
o Jo

2m
(COS) Ogen = / / %SR (EgH3 — E3HGY) cos (0) sin () r*d6de. (14)
o Jo

Apart from the factor cos(f) in the integrand, they are identical to the expressions for the
cross-sections e and og.. It appears that a multiplication by a factor of n is necessary to
make these formulas correct.

There is no reason a-priori which admits the averaging of the cosine to be done independently.
Indeed, G. Gouesbet and coworkers correctly evaluate these averages together with the fields.
This is an important point that occasionally leads to incorrect derivations (see the note on the
work of A. Rohrbach in section [I). Only in special circumstance can this be avoided [27]:

Brian Stout also provides an analysis of the individual contributions to the forces using
this approach, see Sec. 3B and C of Ref. [29]. Starting from the time-averaged stress-tensor
Ty = (1/2)R (e EfE; + B Bj /i — (¢|E]* + |B|?/1)d;;/2) he arrives at 2 contributions for the
force F /{:20pr /m, with opy = 04 + 0r. The first contribution is due to asymmetric scattering



In our previous paper*! the first term was set equal to Cext.
This was certainly a good approximation, since only a waist
location of the particle was considered; i.e., we assumed that
the wave front on the scatterer was (nearly) a plane, which
permitted us to use the same formulation as given by van de
Hulst.®® In the present paper, in which arbitrary location of
the particle is considered, this assumption must berrelarxgd.

of the particle, and the second due to the momentum-flux removed from the incident beam

Ua:rl_wo2]1( ( )1/2//9,r E.* - E,)dQ, (15)

o Tlimﬂl( <>1/2//er (BB + By’ - Bo) (16)

Continuing to assume an axially symmetric beam relative to a particle (on-axis situation), the
article continues to show that the above expression op, - €, results in two forces corresponding
to the DEBYE-MIE result 0, = 0exy — g0sea Only for plane waves. Herein g = &, + 05/04ca 18
the usual DEBYE-MIE asymmetry parameter. Otherwise the terms can not be simplified any
further in this formalism any further! Noting that (e/p)"? = ceon, the above description is
equivalent to the GLMT results.

3 Maxwell stress tensor (J. P. Barton’s ABT)

In 1988 John P. Barton introduced the arbitrary beam theory. He uses the MINKOWSKI form
of the MAXWELL-stress-tensor, Tj; = € E;E;+ H;H; /u— (e|E[* + |H|?/1)d;;/2. The force on the
particle then may be calculated by integrating the stress over a sphere containing the particle
via

(F)=(f & T) (17)
Gouesbet et al. claim in their book on the GLMT that their formalism yields equivalent results
up to a normalising factor (probably n?):

The approach used in this section to evaluate radiation pressure forces would be qualified as being heuristic
by Bohren and Huffman ([BH83], p 120). A more rigorous approach would rely on the use of the energy-
momentum tensor. Such an approach has been developed by Barton et al [BAS89]. After a bit of algebra,
it can be checked that both approaches lead to equivalent results, within irrelevant normation prefactors.

Patrick C. Chaumet used the MAXWELL-stress-tensor in combination with the the fields of
a dipole, i.e. employing the dipole-approximation, to show that again the correct expression
Eq. may be obtained [32]. He also includes the contributions due to magnetic moments in
this calculation.

Based on the GLMT, Alessandro Salandrino finally approached the task of cutting down the
exact analytic formulas to a manageable and interpretable result for small scatterers (retaining
only the scattered field’s electric dipole contribution, given for a particle in free space) [30].
After an exhausting amount of algebra he finally arrived at a time-averaged force of

%(El X Hl*) €0
E; x E* 1
2% T ¥ X (B X ) (18)

€ ~
(F) = % () VIE*|_, + kT (o)



A. Salandrino used a field expansion similar to the GLMT theory formalism used by G. Goues-
bet but correctly considered the Minkowski momentum tensor, i.e. nS/c instead of S/c for the
momentum (although he finally considers a RAYLEIGH particle in vacuum only).
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